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YIAK 539.3 CTPOUTEJIBHAA MEXAHUKA

I'.A. T'eBopKksH,
H. B. Ilupymsn,
H.P. Mexpa0eksiH,
I'.A Capkucsin

MOJUPUIINPOBAHHBIE METO/Ibl KOHEYHBIX 3JIEMEHTOB TPEYI'OJIBHBIX U
HNPAMOYI'OJIBHBIX ®OPM JIsA PEHIEHMSA 3AJJIAY U3I'HBA IVIACTHUH

Ilpeonacaemcss memood KOHEUHbIX INEMEHMOB MPEYEOTbHOU POPMbL C 0eCAMbIO CIMENEHAMU C80000bL, 8
KOMOPOM Npu pewenuu 3a0ay uzeuba niacmun 6 Kavecmee 0ecsamoti cmeneHu c60000bl UCHOIb3068AH Y20il
cosuea 8 ysie, HAX00AWeMcsi 8 Hauane Koopounam. Paccmompueaemcs memooO KOHEUHBIX 31eMeHmMO8
NPAMOY20JIbHOU POPMBL ¢ MPUHAOYAMBIO CIENEHAMU C80000bL.

KiioueBble €J10Ba: KoHeuHble DleMeHmbl, V3108ble NEpeMeuenus, KeaopamuuHoe npocpamMmuposanie,

nracmuna, uzcuo.

CpCI[I/IHHYIO IJIOCKOCTh IUIACTHHBI NPEACTAaBMM B BHJAC COBOKYINHOCTM N KOHCYHBIX DJICMCHTOB

TPEyroiabHbIX (opM. B Kakoil y3/I0BOM TOYKEe S-TO KOHEYHOTO AJIEMEHTAa ILIACTUHBI BBEIEM IO TPHU
0000IIEHHBIX TepeMelenns: W° — [epeMelleHde B HalpaBleHMH OCH Z, JBa YIla II0BOPOTA
0° =dW*/oy, @ =—0OW°/OX coorBercTBeHHO BOKpYr oceii X, Y. PacCMOTpEHHbI TpeyronbHbii
3JIEMEHT TUIACTUHBI JIOTIOJHUM JICCATON CTETICHBIO CBOOOIBI, B KAUECTBE KOTOPOW HCIONIB3YeM YTOJ CABHUIa
y® :82V_VS/ OXOYy B y3ie, HAaxo[SIEMCSl B Hadajle KOOPIWHAT. Y3JIOBbIC 3HAYCHHS O0O0OOIIEHHBIX
[epeMEeIieHHi  Is  S-r0  KOHEYHOro  dJIEMEHTa B  IUIOCKOCTH XY  3aJaJiM  BEKTOPOM
W= (W, W ..., W) .

Cxemarnveckoe H300pakeHHe S-TO KOHEYHOTO DIIEMEHTa B IUIOCKOCTH Xy [UIs JIAaHHOTO CIiydast

MPUBEACHO Ha puc. 1.

(V_VI’WZ’V_VE’WlO)

Puc. 1. Cxemamuueckoe u306paofcenue KOHEuUH020 3J1emenma
HepeMemeHI/m TOYCK CpeHHHHOﬁ INOBEPXHOCTH S -TO KOHCYHOI'O D3JICMCHTA aAIIIPOKCHUMHPYEM
CJICAYIOIIHM ITOJTHBIM Ky6I/I‘IeCKI/IM IMOJIMHOMOM, COACP)KaIUM 10 HEM3BECTHBIX rnapaMeTpoOB:

Wi (X, Y) = +asx+agy+a x> +aixy +aly’ + o X +ogxPy +adxy’ +ag,y’, 1)
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KOTOPBIN 3aMEHUM YAOOHBIM IS TIPAKTHIECKOTO UCIIOIH30BAHUS BEIPAKEHUEM
10
7S 7S
W (X,Y) :Zwi D, (X, y). (2)
i=1

3nece D; (X, Y)— dyuxuun Dpmura, W, i €{12,...,10}, - y3n0Bble 3Ha49eHMs 0GOOUICHHBIX MIEPEMELICHNUI

S -0 KOHEYHOI'O 3JIEMEHTA, KOTOPBIC 3aJat0TCSA COOTHOIICHUAMMU

w' =w*(0,0), W, = W 0,0, w;= &N (0 0),
5SS oS w° =S OW’®
W, =W (Xziyz)’ Wg = (X27 yz)’ W =— x (Xzyyz)’ (3)

oy

V_V75=V_VS(X3,y3), V_Vas: Y3)’ V_Vgs:_ 39 )
51
. O'W°®
Wi = (010)1 (4)

oxoy
[Moncrasnss B (3) u (4) 3nauenus W° , o dopmysie (1) u1st onpeiesieHns HEM3BECTHBIX TAPAMETPOB

a1 e{l,2,...10} nomyunm cnemyromnyro cucteMy ypaBHEHHIA

ol =W, (5)
a; =—W;, (6)
a; =W, , )
O + X005 + Y, 05 + X0 + X, Y,008 + Yoo + X0 +X2Y,08 + X, Yol + Yok, =W, (8)
a; + X0 +2Y,00 + Xzzass +2X, Y, +3y22a150 =W, 9)
—a; —2%,a, — Y, 0% _3X§a7s —2X,Y,05 — yzag =W, , (10)
O+ Xg@l + Y305 + X2 + X Yoae + Yoo + Xsas + X Ya00 + X Yias + Yoo, =W (11)
a5 + X068 +2Y,008 + X2af + 2%, Y08 +3Yias, =Wy, (12)
— ;= 2%y50, — Y30ts _3X§a7s —2X3Y30t — ys?a’; =W, (13)
ag =Wy, (14)

IMTocnie HecnoxHBIX mpeodpasoBanuii u3 cootHoueHuid (5)—(7) u (11)—(14) s onpenencHus

HEM3BECTHBIX apametpos <, ,i €{4,7,8} nonyunm

3 _ s 2 3 _ s 1 _ _
ay=——W —%W;_S +— Wy +— W, —ﬁwss — Wy — a Wlso—ﬁ% , (15)
X2 X X, X X2 X, X, X?
2 _..2y 1, 2 y 2y; s Y3 s, 2Ys
s _ oS 3 &S TS oS J3 3 s 3 s 3 s
A =W+ 5 W, =5 Wy =5 W7 __2W9 “o Wit 50 5 g + 5 g, (16)
X3 X3 X X3 X X X3 X X3
1 . 1 1 2y 2y 3y
s — —s 3 s 3,5 3 S
Ay =——5 Wy +— Wy —— W, —— g — Oy == Q- 17)
X3 X3 X3 X3 X3 X3

C yuerom cootHortrenuit (5)—(7) u (14)—(17) u3 pasencrsa (10) Haxomum
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10
g =805 +byasy + Y dg W, (18)
i=1

rac
dy =4%,%; Y, Y5~ 3% %Y —X5Y3 |
ay = (BXSY2 —2X,X, Y5 —4X, XY, Ys)/ dg, by = (6X5yZ —6X,X,Y,Y5)/dg,
g, = (6X2 —6X,%,)/dg, g, = (6X3Ys — 2%, X, Y, — A% XsY5) [ dg, Oy 5 = (4%, X2 — X5 —3X7%,)/ d,
dy, =0gs =0, dgg =3 /dg, d,; =(6X,%X; —6X3)/dg, g = (2X,X; Y, — 2X,X5Y5)/ dg,
dgo = (2%,%X5 —3x5%;) 1 dg,dg 10 = (X5Y, — 2X,X Y, +3X2X, Y5 — 2X,X2Y,) / dg
IMpunumas Bo BHuManue Gopmyisr (15)—(18), u3 pasencts (8) u (10) cocTaBuM cHUcTEeMy ypaBHEHHI

S S
OTHOCHUTCJILHO MECPEMCHHBIX a6 n alo. Pemras 9Ty CUCTEMY, ONIPCACINM!

10
ag =D dg, W, (19)
i1
10
Qo = zdlo,iv_vis , (20)
i=L

TIe
4.5, ,4. 4 7.,6,,2 8 5,4.,3,,5

d =-32X3XY, Vs + 34X, X3 Y5 Vs + 24X5%] Y5 Y + X3 Yo —8X,X5 Y, Yy — T2X5 X5 Y3 Y3 +

6,,3,,2,,6 7v2y,2y,6

+T2XX3Y3Ys + 92X X35 Vs — 32X, X3 Y, Yq —144XI X3 Y5 Y5 +T2X5 %Y, Y5 —3X5%sYs |
dgy = (120X, X35 Y5 — 24%3%5 Y2 — 96X, X5 Y3 Y5 +120%, X5 Y5 Y5 —120X5X,Y,Ys —96X3X35 Y5 Y, +

4,,5,,4,,2 6,,3,,2,,4 5y4,,3,,3 7y,2,,6

+ 216X Y5 +57X%5 Y3 Y5 —11X X35 Vs —48XoX3 Y5 Vs +132X7 X5 Y, Vs — 36X, X3 Y; — 99X X,y +

4.,2,,4 4.,5,,2\,4 8

+48X5X5 Y5 Y5 —99%; Y5 Vs +24X:X3 Y, Y5 +39X3 X5 Y5 Vs — 24X,%5 Y5 Vs, + 3% Y5 +9XoX3Y5) /d

5,,5,,2 4.,4,,3 6,,5,,2 5,,4,,3 6,,4,,3

de,z = (_32X3X3 YoY; + 48X2X3 Yo Ys _16)(2)(3 YoY; + 5OX§X3 Yo Y3 t+ 8X§X§ yg Y; +80X§X3 Yo Y; —

2y,7,,6 6,,3,,3,,4 5,4,,3,,4 4,,5,,3,,4

— 50X X] Yo Y2 +16X, XS Y5 Y, + 2X2X] Y Y, —A2XSX3Y, Ye —68XSXSYSys —80XSXS Yo ys —82X53 XS Y5 Ya +

6,,3,,2,,5 5v4y,2,,5

+56X%, X3 Y5 Y5 —108X3X,Y, Y5 —26X5X3 V2 Y5 —2X5 Y, + 64X, X5 Y, Y5 +80X5 X3 Y; Vs +6X5X; Y4 )/ d

4,,6,,4,,2 2,8,,5 7y,4,,2 2,8,,6

o5 = (16X3%; Y5 Vs —50X; X3 ¥ Ya —16X5X5 Y5 Y, +50X3%, Ys Y5 —2Xa X3 Yz +

+2X,X; Y3 +80X: X3 Y3 Y3 —80X3 X3 Y3 Vs +26X5 X5 Y5 Vs —64X, X3 Y, Y5 +4BX X3 Y5 Y3 —

—8XoX3 Y, Y5 — 12X, X35 Vs + 12X X3 Y, Vs +6X, X5 ye —6X5X5 y5)/d

4.,5,,2,,4 2y,7\,4,,2 8

dg, = (—120%7X; Y5 Y5 +109X; X3 Y5 Vs —48X5X3 Y, Vs + 75X X3 Y5 Vs — 24X, X3 Y5 Y5 +

+3x5ys +9x5xCy2) /d,

dgs = (=25 %] Y5 Y5 +8X,X5 Y2 Y5 +28X5X5 Y, Y3 —32X3 X5 V2 Y5 — 23X, X5 Y, Vs +
+12X3%7 Y3 Y5 +33XG XY, Vs —X3Y,)/d,
dgs = 06X Y2 —8XaX5Y5 Y5 + 25X5%; Y5 Vs +BOXEXS Y5 Vs — 40X, XS Y5 Ys —40X2Xs Y, Vs + 3%, X5 Y5)/ d,

3,6,,6 5,4\,4,,2 Ty2y,2,,4 6,,3,,3,,3

dg; = (—144%;X3 Y, Y, +36X:X5 Y2 +141%X5 Y, Y5 —108X)X; Y5 Y5 —144X3X3 Y, Vs +144X5X, Y, Y5 +
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6,,3,,2,,4 5y4,,3,,3

+24X3%3 Y3 Y5 —3X5 X3 Y +139X5 X3 Y5 Vs +120X5X; Y5 Y5 —96X, X5 Y, Vs —9X5 %, Y3 )/ d

3y6,,5,,2 2y,7,,6 4,5,,3,,3 6,,3,,2,,5 5,4,,3,,4

dgg = (36X X35 Y5 —8XSXe Y5 Vs +XaXs Y2 Vs + 25X, X5 Yo s —13X2X5 Y2 Y5 —40X5 X3 Y3 Vs +

2

+32X,%; Y, Y5 —36X5X;Y, Ve +3XeX; Y4 )/ d

doo = (BXIX3 Y5 Y5 — XaXs Vs — 25X, X3 Y, Vs +13X2X5 V5 Y5 + 40X X3 Y5 Y5 —

—32x]X3Y, Y5 +6X3X]yS — T2x]x3y2ya + T2x3x2y, Vs —6x)x3ys —3xex2ye)/d

4,,6,,5,,2 3y6,,5,,3 2.8,,6 3y 74,5,,2 4,,6,,4,,3

de,lo =(=3X3X; Y, Y5 —20X;X3 Y5 Y5 + 4OX3 Xg y;‘ y; +OX5 X3 Y, Ya —13X X5 Yo Y + 29X, X5 Y, Vs +

4.,6,,7 2,74,64,2 9,,7 6y,4,,3,,4 5,4,,3,,5 5.,5,,3,,4 7v31,2.,5
+ 3X2 XY, + 4X2 X3Y5 Y3 =X X3y, _36X2 XY, Y5 — 40X2 X3YoY;5 — 23Xz XY ¥s + 72)(2 XY, Y5 —

6,,3,,2,,6 6y4\,2,,5

—36X,X; Y, Y5 —28XsX3 Y3 Y5 + 44X X3 Y, s +64X0X3 Y5 Y5 —51X X3y, Y5 +3X, Xy )/d

5,4,,2,,3 5.4,,3,,2 6,,3,,2,,3 4,,5,,4

le,l = (_120X3X§ ygsygz +12X2 XY, Y3+ 60)(2 X3Y,Y3 _54X2 X3Y, Y3 _34X2 XY, Y+

3,6,,4 2u74,5 6,3 4 742 4 8 5 4.,5,,4 3,6,,5
+36X2X3 Y2 Y _6X2 X3Y, _18X2X3 Y2Ys +32X2 X3Y,Ys _6X2X3y3 +8X2 X3Yo Y5 £ XXy, +

4,5,,2,,3 24,7y,3,,2 8

+46X,X3Y, Y5 +120X; %5 Y2 Y5 —60X; X3 Y, Y5 —36X5Xs Y5 Y5 +48X3 X5 Y5 Y5 —16X,X5Y; Vs +

+6X3X3 Y Vs +2X3 Y5 —12XX3 Y5 +18X2X5Ys —68X5%3y; y3) /d

dior = (12X3X; Y5 Y5 —35XeX3 Y5 Vs +32X2X5 Y3 Ys —16X, X Y7 Vs — 24X5X3 Y5 Y5 + TXa X3y Vs —

—40X5X3 Y3 Y +35X3 X5 Y3 Vs —18X3 X3 Y5 Y5 +8XoX3 Y5 Vs + 25X, %3 V3 Y5 —8X,Xa Y5 Vs +2X5 X3 Y5 +
2.,7,,6 6.,3,,6

+X3 Y5 + 24X, XY, Y5 —3X5X; Y5 —16X5X; Y, Vs —3X3 X, Vs +3X5x3ys)/d

5,5,,2,,3 4,,6,,3,,2

3y 71,34y,2

dygs = (44X5X3Y5 Vs — 26X5X3Y, Y5 —8BXoX3Y5 Vs +52X5Xs Y, Vs + 72X, XS Y5 Y5 —36X3%3 V5 Y5 +

+14X3X5 Y5 Y5 +6X2X5 Vs —12X, X5 Y5 —36X5X5 V2 Vs +A4X0Xs Y5 Y +14X5 X3 Y3 s —

—28X5X3 Y3 Y5 +AX5 X3 Y5 — 26X, X3 Y, Vs +6X5X3 Ys —2X5X3 Y5 —2XaXs Yo)/d

4.,5,,2,,3 3y64,3,,2

dyos = (68X3X5 Y5 Y5 — 46X, X5 Y, Y3 — 72X3 %5 Y5 Y5 +60X5X3 Y, Vs +36X5X; Y, Y5 —

7.,3,,2 8 7 4

—A8XEX]Y3YZ +16%,XCYi Y, —6XIX] yiy, — 24x3yS +12x0x0yS —18xxCyS)/d

3y6,,3,,3 5y44\,2,,4 4.,5,,3,,3 3y6,,4,,2

dygs = (23X5%5 Y5 Ya —8X, X5 Y5 Vs — 28X3XS Y5 Vs — 20X, X5 Y2 Vs + 24X, X5 Y5 Y5 —12X3X3Y, Vs +

AX3X3 Y3 Ys 11X XS Y2 Y5 +BXoXSY, Y5 —3Xo XS Vs + X5 Y, +2X5X Y5 Y,)/d
dios = (24X3X3 Y5 Vs — 20X X3 Y, Vs — 24X X5 Y5 Vs + 20X X5 Y, Vs +12X3 X3 Y5 Y5 —

—12X3X, Y5 Y5 +2X5X5 Y Vs — 2X5X3 Y, Vs +6XeXs Y5 —6X;,X3y5)/d

6,,3,,2,,3 7y,2,,2,,3 6,,3,,3,,2 54,,3,,2

Ay = Q12XX3Y5 Y3 _32)(27 X32. Y, yg —T2X%3 Y5 Y5 Y5 +144X,X5Y5 Vs —180X, X5 Y5 Y5 +

3y6,,5 4.,5,,3,,2 5.,4,,3,,3 5.4,,4

—T72X3%5 Y, Y5 — 28X3X5 Vs +66X; Y5 V3 Vs —60X5X; Y5 Y — T2X5X3 Y5 Vs —

—36X3XS Vs Y, +6X2Y1YE +18XIX3Y, Vs +BXEX, Y5 +6x5X3y5)/d

5v4,,3,,3 6.3,,2,,4 4,,5,,4,,2 27,5

dlo,a = (_30X§X§ yg yg + 20X§X§ Y22 y;‘ + 20X2 X3Y,Ys — 29)(2 X3Yo Y3 =X X3Y, Y5 +12X2 XYY —

—6X;X3Y,Ys +16X7X5 Y, Y5 —3X5XsYs —AXoXs Y5 Ys + X3 X3 Yp +6X, X35 Y,)/d

4.,2,,3 5¢5,,3,,2 6,,4 3y 74,5

d10,9 = (ZOngs Yo Y5 — 6X;X§ Y, y; - 24X2 XY, Ys + 12X3X3 Yo Y5 — 2X2 XY, +
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55,,2,,3 3y7,,4 2,8,,5

+ 24X, %3 Y3 Y5 —20X3%5 Y3 Y3 —12X5X3 Y3 Vs + 2X5X5 Y +6Xo X3 Y, Y5 )/ d

dyo10 = (UBX5X3 Y5 Y5 —LIXT X3 Y7 Vs —AXyXq Y3 Vs — 14Xy X5 Y3 Y5 +2X3X3 Y5 Vs +8X) X3y, Y5 +

5.5,,2,,4 6,4 5 3y74,44,2 4.,6,,3,,3 2.,8,,5 743,,6 8y,2,,6
+]-9)(2)(3 Y2 Y3 _20X2 X3Y,Y; +8)(2)(3 Y2 Y3 +8>(2 X3Y2Ys _6X2 X3Y, X X3, _3X2X3 Y; +

8,,2,,5 6,,4,,3 7v2y,5y,2 4,5,,3,,4 6,,3,,2,,5 5,4,,3,,4

+ 6X2 X3Y2Ys +16X§X3 Yo Y3 — 4Xz XY, Y5 — 32X2 X3YoYs — 24)(2 XY, Y; + 24X2 X3Y,Ys —

4.,5,,4.,3 6,3 6 8 3 5.4,,2\,5 72 6 742\,7
_8X2 XY Ys + 4X2 X3Y,Ys + 4X2 X3Y, Y3 +16X2 X3Y, Y3 +8X2 X3Y,Ys3 _4X2 X3Y; +

6y4,,6 7434,5 8.,2,,4,,2 743,,6 9 4.2
+X:X3Y; +2X2X3y2y3 _3X2X3 Y2 Y3 +3X2X3y3 _3X2X3Y2Y3)/d .

Hoxacrasnsst B (18) 3HaueHns ¢ U &, COOTBETCTBEHHO M3 cooTHOwennuH (19) u (20), Haxomum

10 _
g = (8yg; +0ydy,; +dg )W . (21)
i=1
C yuerom cootHomienunii (19)—(21) u3 paBeHcts (15)— (17) COOTBETCTBEHHO HAXOAUM
10 2 _
a, = Z(_y_ida,i +d4,i)V_Vis’ (22)
i=1 3
10 _
a, :Z(a7de,i +b,d,g; +d;)W (23)
i=1
10 _
g =Z(asde,i +hgd,o; +dg )W, (24)
i=1
rie
2y; Vs 2y; Y3 2y, 2y, Y
a, =—2+-2ay, b,=—2+3by, ay=——">-"a, by=——3-=2b,,
X3 X3 X3 X3 X3 X3 X3 X3
- . - 3 = 2y, - 2 + 3 = y
d4,i =01 6{4,5,6}, d4’1:—x—32, d4’2 :_X_gs’ d4’3:X—3, d4’7 :X—g, d4’8:_x_§’
- 1 < Vs Ys = 2y, Y3
d49 _X_gi d4,102_)(: ' d71—x_§,+x_:2d911 d72 X_333 X_Edgz’
— 1 y2 — — — — — 2 y2 —
d73:_X_§+id93’ d,, =0, d75:01d76:0'd77:_x_33+x_§d97’
D 1 Vs = _Ys Yoz T _ 2%z
d78:X_32 98’d7,9:_x_§+x_§d9,9’ d7,10 X_32+X32 d910v dsl__x_s 9.1
— 1 2y, -+ — 2y, ~ = — — 2y, —
Oy, =——5—22d,,, dys=-22d,,,dy, =0, dys =0,d, =—=22d,,
8,2 X§ X, 9,2 83 X, 9,31Yg4 85 8.6 X, 9,6
- 2y 1 2y,- = A 1 2y
d87 —_X_;dgwdsszx_gz_x_: 98" ds,gz_x_:dggv ds,lo:_x_s_ X: d910

Takum 06pa30M, IIpu JOMOJIHCHHUU TPCYTOJIbBHOI'O 3JICMCHTA IJIACTUHBIL ,I[CCHTOﬁ CTCIICHBIO CBO60,I[I>I, B

Ka4yecTBE KOTOPOW MCIIONB30BaH YIoJl CABUIA B y3J€, HAXOMALIEMCS B Hayajle KOOPAMHAT, HEU3BECTHBIE
napametpsl o ,i €{L,2,...,10} onpenensires coornomenusmu (5)—(7), (14), (19)—(24).

Ucxons w3 caseii (1), BelpaxkeHue 11 Kakaoit | —i pyukiuu dpmura O i (X,y) wewm B Buge

S S S S S 2 S S 2 S 3 S 2 S 2 S 3
d)j(x,y):oclj+0c2jx+a3jy+a4jx 0l XY +0g; Y 0 X 0 XTY 0 XY ol Y
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Torma ¢ yuerom cootromenuii (5)—(7), (14), (19)—(24), nias dyHkurn IpMUTa TOTYIAM
2
s 3 A
@ (x, y) =1 (% Aoy +—2)X +dg, Y + (@,dg, +byy, +; )X +
3 3
+ (a8d6,1 + b8d10,l + a8,1))(23/ + (a9d6,1 + b9d1o,1 + a9,1)Xy2 + dlo,ly3 ,
s v A 2Y5y 2 2 T \u3
D, (x,y)=Yy (de + 2 )X“+dg,y° +(a,dg, +b,dy, +d; )X+
3 3
+(agdg , +0edy, + a8,2))(2 y+(agdg , +0yd, g, + as;,z)xy2 +dy, y3 '
A 2 =
qjg(x, Y) =—X- (X_gds,a _X_)X2 + d6,3y2 + (a7d6,3 +b7d10,3 + d7,3)X3 +
3 3
+ (8505 + g0y 55 + a8,3))(2 Y+ (aydg s +0ed, o5 + ag,s)xyz +dy44 y?,

2
D;(x,y) = _% d6,4X2 + d6,4y2 + (a7d6,4 + b7dlo,4)x3 + (asd6,4 + b8d10,4)X2y +
3

+ (a9d6,4 + b9d10,4)xy2 + d10,4 y3 ,

2
D (X,Y) = —%delsx2 +dgsy? +(a,0g5 +0,0,05)%° + (850 5 +0yd;5) X2y +
3

+ (agde,s + b9d10,5)xy2 + dlo,sy3 )

2
Di(x,y) = _%da,exz +d6,6y2 +(a,dg g +b7d10,6)X3 +(agdg 6 +b5dyg6 +d8,6)xzy+ (25)

3

+ (agde,e + bgdlo,e + as,e)xyz +0y6 y3 )

2
s 3 A
Do(X,y) = _(%dﬁj __2)X2 + d6,7 y2 +(a7de,7 +b7d10,7 +d7,7)X3 +

3 3

+(agdg ; + bsd10,7 + a8,7))(2 y+ (a9d6,7 + b9d10,7 + a9,7)Xy2 + d10,7 y3 '

2
Dy (X, y) = _(%ds,s +y_§)xz + d6,8y2 + (a7d6,8 + b7d10,8 + d7,8)x3 +
3 3

+ (agde,s + b8d10,8 + as,s)xz y+ (agde,s + b9d10,8 + ag,s)xyz + d10,8 y3 :

2
S l q
(Dg(X, Y) = _(%de,g +X_)X2 +d6,9 y2 + (a7d6,9 +b7d10,9 +d7’9)X3 +
3 3

+ (asde,e + b8d10,9 + as,g)xz y+ (aede,g + b9d10,9 + c_lg,g)xyz + d10,9 y3 :

2
D (X, y) = _(%ds,w +%)X2 +Xy + ds,wy2 + (a7d6,10 + b7d10,10 + d7,1o)x3 +
3 3

+ (asds,lo +0edyg10 + a8,10)X2 y+ (agde,lo +byd, ;0 + a9,10))(3/2 + d10,10 y3 .

IMorennmanbHas sHeprus AedopManuy S -ro dIeMEHTa IPH U3rude TUIACTHH OIpeAeNsIeTcs BrpaxkenueM [3]

156



2555 2555 A28
=2 {[VZWS(X, W +20-nE Ly - LW W
F oxoy ox~ oy
rae F - momans cpemunnoii mosepxnoctu, D = Ehs/ 12(1—v?), E - momyns ynpyroctu, h - Tonmmuna
IUATHI, V - Koad¢unuent [lyaccona.
MoxcTapnss 3Havuenns W' (X,Y) u3 Belpaxenus (2) B (26), NOTEHIMATBHYIO SHEPTHIO M3THOA S -TO
SIIEMEHTA TUIACTHHBI TIPEICTABHM B BUJIE

Q° =05(W°)" k°W*, (27)

/2F - MaTtpunla XCCTKOCTH, KOMITOHCHTBI KOTOpOfI A1 NpUBEACHHOTO Ha pI/ICI

]}dxdy : (26)

e kK°= D‘ IZUS

TPEYrOJIHHOTO KOHEYHOTO AJIEMEHTA OIPEaeNIIoTCs (hopMyIToit

_ 28 0°D° 208 0°D° 208 0°D3

ks = [[{v°o;vee; 120l P2 10 qz' . 19 qz' 13dxdy . (28)
. OXoy oxoy 2 ox° oy 2 oy° OX

N3 cxematmueckoro m300paxXeHHs] TPEYTOJHHOTO KOHEYHOTO 3JIEMEHTa IDIACTHUHBI, MPHUBEIECHHOW Ha
puc.1l, cOOTBETCTBEHHO MOMyYaTcs N300pakKeHH MTPUBEICHHBIE HA PUCYHKAX 4—5 P yCIOBUAX

X, =X, =2a,Y,=b,y, =0, mupuc.?2, (29)
X, =0, X;=a, y,=b, y; =b, ami puc. 3, (30)
X, =0, X, =a, y,=Db, y, =0, ms puc. 4 u puc. 5. (31)
yL
W4’V_V5'_6)
< b
X ¥

Puc. 2. Cxemamuueckoe uzodpasrcenue mpeyzoaipbHo20 KOHEYHO20
I1eMeHma naacmunsl (nepevlit 6UO r1eMeHma)

(W, W,

>

X
a
A
o

Puc. 3. Cxemamuueckoe uzooparcenue mpeyzonbHo20 KOHEUHOZ0
71emenma naacmunsl (6mMopoil 6uo InNemenma)
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Puc. 4. Cxemamuueckoe uzoopasicenue mpeyzoibHo20 KOHEUHO20
InemMenma naacmuHsl (mpemuii 6uo riemenma)

X
—>
=]
=l
=l

©
Yy (W4,W5,W6) (Wl’WZ’V_V31W10)
< b >

Puc. 5. Cxemamuueckoe uzodpasrcenue mpeyzoibHo20 KOHEYHO20
INemMenma naacmunsl (uemeepmuii 6uo r1emenma)

(leWvales) (W4,W5aWe) Yy

»

(W10’W11’W12)

W7’W8’W9)

Puc. 6. Cxemamuueckoe u306pa9fcenue NPAMOY20/IbHO20 KOHEYUHO020 J/iemMenma njiacmunsl

Ucxons w3 dopmyn (25) u (28), ¢ yuetom cBsizerd (29)—(31) HaXoauM COOTBETCTBYIONIME 3HAYCHUS
¢GyHKIMH DpMHTa M KOMIIOHEHT MAaTpPHUL )KECTKOCTEH ISl TPEYrOJIbHBIX KOHEYHBIX JIEMEHTOB IUIACTHHBI,
cXeMaTh4ecKre H300pakeHHbIX Ha puc. 2—5. DT 3HaueHus IpuBeAeHbI B padoTax [1] u [2].

PaccMoTpuM npsIMOYTONBHBIN 3J1eMEHT, c(OPMUPOBAHHOW U3 TPEYTOJBHBIX 3JIEMEHTOB, TIPUBEICHHBIX
Ha puc.2 ¥ puc. 3. Y3II0Bble 3HaUeHUsT 0000IIEHHBIX TIepeMENIeHUH U S —OTo MPSMOYTOJIBHOTO KOHEYHOTO

T
DJIEMEHTA B TUIOCKOCTH XY 3amamumM BektopoM W' = (W, W;,..., Ws,)" . Tlonb3ysch 3HaueHusIMH (yHKIMHI

BpMI/ITa U KOMIIOHCHT MAaTpHIl JKECTKOCTEH AL TPCYTOJIbHBIX KOHCYHBIX J3JICMCHTOB IUIACTHHBI,
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CXeMaTHYeCKNe M300paKEHHBIX HAa puUC. 2 M 3, HaXOAWMM 3Ha4deHUS (QyHKOUH DpMUTAa U KOMIIOHEHT
maputst ectkoctn k* = D|ks|/ab npamoyromsnoro anementa, exemaisecku nsoGpaxentioro a puc. 6.
Ipu & =x/a, n=y/b dyuxkumuu Dpmura onpenenstorest popmynamu:
3 (&,m)=2-3n" +2n° =35 +2&7,
5 (&,1m) =b(2n—4n* =&*n+25n* +1°),
D3(&, ) =a(-25 +4&° —25"n+&n* - &),
@3 (&,7m) = —-3&% +3n° +2&° — 2%,
©(&m) =b(&* —n* - &*n+n’),
DG (&,m) =a(=&" +2&°n —2n*),
@3 (&,1) =3&* —2&° +3n* - 21", (32)
D5(&,m) =b(=&* +&*n—n° +1°),
Dy (&) =a(E® ~& +n° ~&n?),
D3 (&,1) =35 —3n° =287 +217°,
@3, (&m) =b(&*n—28n* +n),
D, (&) =a(E® ~& —n° +&n),
®5(&, 1) = ab(2gn —n* - £7).

KOMHOHCHTI)I MaTpulbl J)XECTKOCTU MPAMOYTOJLHOI'O 3JIEMEHTA, CXEMAaTUYCCKUC I/I306pa)KCHHI)IC Ha
puc. 6, onpeaenstoTcs GopMyIaMHu:
K — kS = 6a 6b . _2a b* | 7a 2b b° o _a 2b
=R S T fa T T e Ty e e fa T g

., a* b* 4 , & 2a 7 6a | . 2a v
et e 3 T T s T e T T

s a® 2b , 4a . a bv s 5a° 2p* v 1
o= K e e T e

s 4a b*> v . 3a 2b b | a> v a® v
ST e a0 T T T3 T T e T e e
ks =22 E_a_g Y ks L& D v, 5 b_z_lﬂ,

"3 3a b 3 ¢ b al 3 b’ 6al 3

. 2a b a 2av . 2a v ,, 20 v
g e T T T T e T

s . 6a 6b s 2a b* v . a 2b . v
k74: k77=F 3 k75_ b2 ? g’ k7e_F 2’k81_ ,
ks =& ks _ W v 1 kS — 2a+E . _a_ 2 b Lbv
% B 32 3 3" b2 @' ® p 3a 3° 3a
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. 1 a* b* v . 2a b* v . 2a 2b b* bv
86:___2__2__'k87: 2 .3 Keg = on T 2.3 Al
3 6b° 6a° 6 b a’ a 3b 3a 3a° 3a

. Vo s 1 2% v ., b . 2b a* v

Ko b 2T T3 37 3 k93=£, 94 = ?"‘F b’ (33)
S _ a_2+ b2 K kS —2a 2_b+ a3 2 kS — a_2 2_b

¥ 6b%2 6a%? 2° *® 3 3a 3p° 3B 7 b a?’

. 1 a* bp* v | 2a b a® av . 6b . 2a b?
3o ea? 6 a3 3T g T T
. 2 v . s s s 6a .. 2a v a’
k103=¥——, k104:k105:k10620’ |<1o7 :_F’ k108:b_2 g’ klog__F'

ks 6a 6b ks b? v | a 2b b® bv | b? v
1010:F+_3' m= 3T 112:£_£_§+£’ “3:@+E’

s s s s 2a ., 2a bv . 1 a* v
kll4:k115:k11620’ I(117: bz ' k118 %"‘g’ kllQZE_@_E'

ks 2a b? v s a 2b b* 2bv | 4b
1110:b_2_?+g’ 1111:b g_g_ 3a1 121 _g’

. 2a® bb? L 1 . _b av . . s a® v
klzzzﬁ 6a ——5t 2 3 k123 _3b k124_k125 k126 0, k127 g_gl
s _a v ¢ 2 a Lav s 4b a’ v
Ko = g7 "0 K29 = Ty Tt gy M T gz T Ty

s 1 a® 5b® s a® 2a 3 | a® b?
1211:_54‘@_@ '1212=¥+%+_v 131:_F_?'

. _b &% b bv . a a b av

1273 o 3?2 T 3 32 2a 2

s s . at . b 5a* b® bv
k134_k1310 k137 b_+¥’ 135:_§_E_Q_6’

=2, b av., b.oa b by

133 35 "6 6’ * 3 6b 33 2

=2 & b av. o, ba b by

3 3 6a 2 13T T3 e T 3a | 6

s _§+a_3 5b° av | 2ab 2a° 2b3

102 3 g7 e T g wT 3 Ty Ty

O6o3unaunm uepes P° =(P°,P;,...,
narpyske. JleiicTBue pacnpesiefleHHOH BHeIIHel Harpysku uHTeHcUBHOCTHIO ((X,Y)

KOHCEYHOI'0 3JIEMCHTA MOXXHO 3aMCHUTH COBOKYITHOCTBIO OKBUBAJICHTHBIX Y3JIOBBIX CHUJIL:

= [a(x, y)®* (x, y)dxdy.
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Otkyna, ¢ yuerom cBszeit (25), (29)—(31), B ciaydae paBHOMEpPHO pacHpelesiCHHOW Harpysku (,
NpEeArojoK1UB, 4YTO B Mpeaenax IUiomagud KOHEYHOIo DIIEMEHTa q(x, y) =g =Cconst waxomuMm

COOTBETCTBYIOIINE 3HAUYEHHUS BEKTOPOB Y3JOBBIX HArPy30K MJIsi TPEYroilbHBIX KOHEYHBIX 3JIEMEHTOB
TUTACTHHBI, CXeMaTHYeCKHe n300pakeHnbie Ha puc. 2 u 3 [1,2]. Ha ocHOBe 3THX 3HAUYEHHI HaXOAUM BEKTOP

Y3JIOBBIX HArpy3okK JJid NpAMOYTOJIbBHOTO 2JIEMEHTA, CXEMATUYCCKU I/I306pa)KGHHOFO Ha puc. 6.

_@(ZOOZ_E_EE_BEZREa_bJT
2 (57 75" 15" 30°'5 10°10°'5°30'15 30)

Pabora Y3JIOBBIX HAarpy3ok S—T10 MIpAMOYTOJIbHOTO KOHCEYHOI'O0 J3JICMCHTA IUIACTUHBI 3a0acTCs

p* (34)

dopmynoit
QO =(w*)"PS. (35)
[Mpunumas Bo BHuMaHue Gopmyinbl (27) u (35), HAXOAMM MOTEHIUANBHYIO SHEPTUIO CHCTEMBI JIJISI
S —TO IPSMOYTOJILHOTO KOHEYHOTO 3JIEMEHTa, CXeMaTHIECKH H300paskeHHOTO Ha pHC. 6 !
Q° =0,5W°)" k*w® —(W*)" P°. (36)
CpCZII/IHHy}O IIJIOCKOCTh IUIACTHHBI NPEACTAaBUM B BHUAC COBOKYITHOCTHU N KOHEYHBIX DJIEMEHTOB
npsaMoyronbHbeIX (opMm. Torma, MCXoAs W3 MPUHIMIIA MUHUMYMa MOTEHIIMATBHOW DHEPTUU CHUCTEMBI IS
ompeneneHus HcKoMbx BekTopoB W°,Se{l2,...,N}, monyuuM ClIedyoLylo 3ajady KBaApaTHYHOTO
MPOTPaMMHUPOBAHHS:
n
min{z (0,5(W°)" k*W® — (W*)" P*) | kpaeBbie ycrosus }. (37)
s=1
IMpu wm3rube TIACTHH W3rMOAONIME, KPYTAIUE MOMEHTHI UM TEepepe3bIBAIONINE CHIBI 3aJal0TCS
bopmymnamu [4]:
2 2 2 2 2
LAY My:—D(Zy\;V+ng\;V), M, =-D@-v) 2 | (39)

ox> oy OXoy
2 2 2 2
=D @Y -l N, =D LY 2oy LY
o ox oy oy oy ox

N, =-D—
[Mpuaumas Bo BHUMaHue cooTHouieHus (2) u (32), u3 dopmyn (39) HaxoauM mepepe3bIBArOIINE

I\/Ix :_D(

). (39)

CHJIBI, KOTOPBIE BO BCEX y3/1aX UMEIOT OJIMHAKOBBIE 3HAYEHHUS H OTPEIENAOTCS COOTHOIEHUAMH:
N: =12D[2a(Wi + WS +WS +Ws,) — (W +w; —ws —wi,)]/a’ +
+4DQ2 —v)[a(wg +W —ws —ws,) + 2b(ws, —w3)]/ ab?, (40)
S S S S S S S S S 3
N, =12D[-2b(W, +Wp +Wg + W) — (W, —W, +W; —W;)]/b” +
+4D(2-v)[b(w; +w —w; —w;,) +2a(w; —wg)]/a’b. (41)
V3j10BBIe 3HAYCHUS M3rHOAOMIX U KpyTsammx Momentos M7 =(M},, M} ,M jy'i)T J1e{,2,34}
JUIA S—TO NPSMOYTOIBHOTO KOHEUHOro djieMeHTa o6o03Haumm Bektopom M° =(M;,M;,..,M>,)".

[Mpunumas Bo BHHUMaHUe cooTHomreHus (2) u (32), u3 ¢hopMyn H3rHOAIONINX H KPYTAIMIUX MOMEHTOB (38)

HaxXouMm:
M® = 5w, (42)

re O - MaTpHia U3ru0aroIuX ¥ KPyTAIIUX MOMEHTOB, JJIsl KOTOPO# rpu V =1—v umeem:
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6.6 & 8 6.6 b 2 6 6 22 2a 6 6 22 2 2a
a? b? b a a? b® a’> b a2 b? a* b a b?* a® b? a b? a b
6 6v 8 8v 6 6v 2 bv 6 6v 2 2bv a 2v 6 6v 2a 2v  2a 2bv

= 7 e i 7 otz 0 Tt v ot Tty 0 e e
b a b a b* a b a b a b a° b a b a b a b a
0 0 0 0 0 0 0 0 0 0 0 2V
6,60 2 2 4 6 6 b & 4 6 6 4 2.av 6 6v 2 6v 2 2ar 2 Zav
a? b2 a’ b a a? b2 a® b a a? b? b a b?> a? b?> a® b a b’ a b
6 6v 2 2bv 4y 6 6v 4 bv 4y 6 6v 4 a 2v 6 6v 6 2bv 2a 2v 2a 2bv
¥ @ b & a b & ba a & b bia b ab o b a b a
0 i %‘” 0 0 —%V 0 0 —%V o - %" 2v

a a

S5°=-D| 6 6v 2b 2v 2 2av 6 6v b 4 2 2av 6 6v 4y 4 av 6 6v 2b 2v 4 2b 2av
2 a' b a b a b a b a b & b b ab aba b a _a b
6 6vr 2 2bv 2a 2v 6 6v 4 bv 2a 2v 6 6v 4 a 4 6 6v 2 2bv 4y 2a 2bv
2 b a b a a b b a b a b a b b ab ab a a b al
o @ o w ow Cw w e w

a b a b a b a b
6 6 4 2 2av 6 6v b 2v 6 2av 6 6v 20 2v 4 av 6 b 4 4 2 2av
a? b? b a b* a®> b® a’ b a b> a®> b® a* b a b* a* b’ b a a b
© 6 4 2a.2v 6 6 ‘2bv 2a by 6 6 2 2v_a 4 6 6 4 4 _2a 2bv
a’? b’ b b> a b* a® b a* b* a b* a® b a® b* a b® @ b a b a
0 727” 7%” 0 7%" 4bV 0 ?" 0 0 2?" 0 2v

3aMeTuM, 4YTO TPOrvuObl W° BJOJNb CTOPOH CTHIKOBKH MPSIMOYTOJNBHBIX KOHEYHBIX DIEMEHTOB
M3MEHSIOTCS TI0 3aKOHY KyOudeckoil mapaboubl, a yrisl mosopota 0°, ®° — kBagparuunoii mapabossr. Tak
KaK y3JIOBbIC 3HAYCHUs 0000meHnbx mepememennii f° = (W*, 0%, @°)" BEIOpansI B KauecTBE OCHOBHBIX
HEU3BECTHBIX, TO OHH SIBISIOTCS OOLIMMH ISl SJIEMEHTOB, MPUMBIKAIOIIMX K JaHHOMY y3iy. C apyroi

CTOPOHLI, B HAlIPpAaBJICHWUHU JIMHUU CThIKAa 95 n (,OS SABJIAIOTCA IIEPBBIMU ITPOU3BOJHBIMU npom6a w s , IOOTOMY

BJOJIb I'paHHIBI pa3gciioB b0 (S COCCOIHUE KPOMKH JBYX CMEKHBIX 3JICMCHTOB IIOJIy4aT OJUWHAKOBBIC

MPOTUOBIL.

j+1 i+1 k+1
>y
S S+1
J i k
S+3 S+2
j11 -1 k-1
X

Puc. 7. | -vtit y3e1.Co60KYyRHOCHIb RPAMOY20IbHBIX KOHEYHBIX I1EMEHM 08

Jlns obecnieuenus HENPEpHIBHOCTH YIIIOB moBopota 0°, ®° mpumem (puc. 7.)
Ve =y 1€{002}, yit =7y, (43)
rae  yS =0°wS/dxdy — yrox cisura.

[Moncraenss B (43) 3nauenns W° no dpopmyie (2) ¢ yuetom casseit (32), Haxoaum

bw) " —aw]™ +3aw,™ +bwi™ —2awi* —bw] +aw] —aw] —bw +abw/;" —abw]i =0, (44)

—bw™ —2awi™ —bws™ + 2awk™ + bwk + bws + abw;i —abwl, =0, (45)
j j i i1 1 1 j i _

2bw, +aw; —aw; —aw,  —2bw, ~+aw,;  +abw;, —abw,; =0, (46)
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j+l j+l i+1 i+1 j i j-1 j-1 i-1 j+l i
bw,™ —aw,™ —bw,™ +aw;™ —3bw, +bw, +2bw, ™ —aw,~ +aw; +abw/;” —abw,=0.  (47)

Wckmouas u3 ypaBHeHuii (44) - (47) mepeMeHHbIC Wiz, W; u Wlis, MOJIy4aeM TOXKJIECTBO.

Cre0BaTeNbHO, yCIoBHs (43) HEMPEPHIBHOCTH YIJIOB MOBOpoTa 6°, @° TOXKIECTBEHHO YAOBIETBOPSIOTCS.
2
Ucxoms uz dopmyn  y° =0 WS/ OXOy u (38), MBI MOXEM 3aKIIOYHUTh, YTO 37ECh TOXICCTBEHHO

YAOBJICTBOPAIOTCA TAKXKE U YCJIOBHSA HETIPEPBIBHOCTU KPYTAIIMX MOMEHTOB BJOJIb T'PAaHULIBI Pa3a€JIOB JIBYX

CMEKHBIX 3JIEMEHTOB.
VenoBust HenpepbIBHOCTH n3rudaromux momenros M, , M y B Y3JIOBBIX TOUKax (pHC. 7) 3a71a/ UM B
BUJIC
M =M 1e{0L2}, M2 =M, M =M 1e{012}, MSP =M (48)
Y 3aMECHUM HX COOTHOIICHUSMHU

82W5+i 82W5+1+i 62W5+3 aZWS

= 1e€{012}, ——=—5-, 49
ox? ox? i3 ox* X’ )
aZWSH 62W5+l+i ] 82W5+3 aZWS
8y2 = ayz , 1 6{0,1,2}, ayz = ayz . (50)
C yuaerom cBszeit (2) u (32) u3 paBeHcTs (49) nomyuum
bw)™ —aw)™ +3an™ +bws™ — 2aws™ —bw) +aw) —aw} —bw +abw/;* —abw/i' =0, (51)
—bwi™ —2aw)™ —bwi™ + 2aws™ +bwk +bw; +abw]i" —abw], =0, (52)
2bw] +aw] —aw] —aw, " —2bw) ™" +aw) ™ + abw/, —abw], =0, (53)
bw) ™ —aw) ™ —bws™ +awi™ —3ow] +bw; +2bw) ™ —aw) ™ +aw, ' +abw,;t —abw/, =0, (54)
a U3 paBeHCTB (5) MoIyduM
6w, + 2bw) ™ +2aw] ™ +8bw,™ —4awl™ — 6w + 2bwi™ + 2aws™ + 6w, + 2bw] +
+8bw, —aw, — 6w + 2bwk + awk — 2abw/;* + 2abw]i" =0, (55)
— 6w, —4bw,™ + 2aws™ + 6w — 2bwhs ™ — 2aws™ + 4bwi, —aws — 6w, + 2aw) -
— 6w + 2bws T —aws ™ — 2abw]i" + 2abwl, =0, (56)
— 6w, + 2bw] —12aw}, + 6w, — 2bws — 6w + 2aw) " — 6bw) " — 4w, —3aw, ' —
+6WT —2bwh ™ + aws ™ — 2abw], + 2abw, =0, (57)
— 6w, — 2bw]™ —2aw) ™ + 6w — 4bw)™ + 2awi™ — dbw] + aw] + 6w, + 6w —
—2aw) " — 6w +4bw, " +aw ! — 2abw/, + 2abw/; = 0. (58)

N i j
Uckmouass u3 ypasuennii (51)—(54) mepemennbie W}y , W,; u W), MOJTydaeM TOXIECTBO.

o 41 i+l '
Uckimoyas u3 ypaBHennit (55)—(58) nepemennbie Wy, W, 1 W5, TakKe moxydaeM TOKIECTBO.

Cnenosarenbho, ycnosus (49) u (50) menpepbiBrocTH M3rnbarommux momentos M, u M, B

Y3JOBBIX TOYKAX TOXIACCTBCHHO YAOBJICTBOPAIOTCA. Tak kak wu3r I/I6aIO]J_[I/IC MOMCHTBI BIOJIb CTOPOH
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KOHCYHOI'0 3JICMCHTA HU3MCHAIOTCA JIPIHGIZHO, TO BBIIIOJTHAKOTCA W YCJIOBUA HCIIPCPBIBHOCTHU I/I3FI/I6a}OH.II/IX

MOMCHTOB BAOJIb T'paHUIIbI pa3CJIOB ABYX CMCIKHBIX 3JICMCHTOB.

YcrnoBus HempepsIBHOCTH HepepesbiBatomux cun N, , Ny B Y3JIOBBIX TOUYKax (puc. 7) 3aganuM B

BHJE
SH N SHH 3 s+3 _ s S+ _ Ny SHH f s+3 S
N, =N, 1e{012}, N;” =N_, Ny = Ny ,1€{0,1,2}, Ny = Ny,

u ¢ yuetom Gopmy (39) 3aMeHIM UX COOTHOIICHUSMHU:

a3ws+i a3WS+l+i 83WS+3 aSWS

= ,1€{0,1,2}, .
o o e T =T
3y p,SH 35,5+ 3,p,5+3 K
5W2:8W2’i€{0’1’2}’ 8w2:aw2_
oxoy?  oxoy oxoy?  oxoy
3\ p S+ 35, SHLH 34,513 35,8
aa"yvg _9 (‘;Vys ie{012}, agyvs =—aay"‘; .
35,5+ 3y p S+ 3,p,5+3 S
8W2=8W2,ie{o,1,2}, awzzawz_
oyoxe  oyox oyox:  oyox

C yuetom cBszett (2) u (32) uz paBeHcts (60) momyanm

j+ j+ k+1 k+1 j j k k __
2w —awy T 2w, T Faw, T 2w —awg + 2w, +aw; =0,

2w, —aws™t 4+ 2wt —aws Tt — 4w — 4wy + 2wt raws Tt 2w aws T =0,

—2w) +aw) + 2w —aws + 2w/ +aw) Tt - 2wt —awi T =0,
Aw] + 4w, 2w} —aw) ™ 2w —awgt — 2wt raw] - 2wt rawt =0
1 1 1 3 1 3 1 3 1 3 !
a u3 paBeHcTB (61) HaxoUM
2bw)™ +aw)™ — 2bwi™ — 2aws™ + awf ™ — 2bw) +aw] + 2bw} — 2aw; +awf =0,

2bw,™ +aws™ —aws™ —4bwj, +aws ™ +2bw, t —aw, ' =0,
—2bw) —aw] + 2bw}, + 2aw] —aws +2bw) " —aw) ™ — 2bw, T + 2aw,t —awk " =0,
—2bw)™ —aw)™ +aws™ + 4w +aw) " —awl ' —2bw) ™ =0.

C yuetom cBsizett (2) u (32) u3 paBeHCTB (62) mMoIyInM
2w+ bwlt — 4w 4 2w —bws ™ 4 2w +bw) —4w] + 2w —bwi =0,

2w+ bwh™ — 2wt - bws ™ 4+ 2w+ bws 2w —bwi T =0,
2w —bwJ + 4w — 2w +bws + 4w — 2w/ —bw) T — 2w +bwi T =0,
— 2w/ — w4+ 2wt —bw ™ — 2wt +bwyt 2w +bw) Tt =0,

a u3 paBeHCTB (63) HaxoIUM

—bw] ™ —2aw) ™ + 4aw)™ +bwk™ — 2awt™ +baw] —bwk =0,

—bw™ — 2awi™ —bwk™ + 2awk™ —bw, ™ —bws™ + 2bw;, + 2aws + 2bws —2awk =0,
bw) +2aw] —4aw} —bwk +2awt —bw) " +bwi* =0,

bw)™ + 2aw) ™ +bw,™ — 2aws™ — 2bw) —2aw] — 2bw;, +2aw; +bw,t +bw) ™ =0.
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(59)

(60)

(61)

(62)

(63)

(64)
(65)
(66)
(67)

(68)
(69)
(70)
(71)

(72)
(73)
(74)
(75)

(76)
(77)
(78)
(79)



Cymmupyst ypaBaenus (64)—(67), momyuaem TokaecTBO. COOTBETCTBEHHO CYMMHPYS YPaBHEHUS

(68)—(71), (72)—(75) m (76)—(79), rtarke mnomyuaem ToxnectBa. CnemoBatenbHo, ycioBus (60)—(63)

HenpepsiBHOCTH nepepesbiBatorux cua N, , N y B Y3JIOBBIX TOYKaX TOXJECTBEHHO yHOBIETBOPsfOTCS. Tax

KaK Nepepe3bIBaOMINE CHUIIBI BAOJIb CTOPOH KOHCYHOI'O 3JIEMEHTA INOCTOSHHBIC, TO BBIIIOJHAKOTCA U yCJIIOBUS
HCIIPECPLIBHOCTHU I/I3I‘I/I6aIOHII/IX MOMCHTOB BJOJIb I'PAHULBI Pa3ACIOB JIBYX CMCKHBIX 3JICMCHTOB.

TaKI/IM 06pa30M, JJIs1 HpﬂMO}/TOJ'II)HOI‘ O KOHCYHOI'O 2JIEMCHTA aHHpOKCI/IMI/Ip}/IOHIaﬂ (I)YHKIII/ISI
13
S S
W (X, Y) =D WD, (X,Y),
i=1

B kotopoit D; (X, y) —yHKuMM DpmuTa, 3a1aBaEMble COOTHOLICHHAMH (32), 06ECIIeYNBAET HENPEPHIBHOCTD

0606HI€HHBIX HepCMeHICHHP'I, NEepePEe3bIBaAOIINX CUJI, KPYTAIIUX U 1/13r1/16a}0m1/1x MOMCHTOB.

Q.U.. Ginpgyu,
U.4. @hpndjul,
U.[k. Ukhpupbljul,
Q. U.Uwpquyui

UULGECP ONUUL U OULESD LORPOUUL BRULUSNPLUQGY, BY, RUNULUSNRLURQEY,
JErQud Nl SULCELP BN ULUYLE P QG4 UONIVIUD SULRGLUULER

Unwowplpynid F Enwhlniiiudll Jbpoun/np wnupplph dbunhnpugus nwppbpul, npnid uuybph Sndwih
Julgpplibph  pmédwl  dudwiwl npwyku  wwubbpnpy  wquunnippul wuwnpdwl o oquuugnpdyws  E
Unnpphbunbbph ulqpiwllunnid quin/ng hwbgniygh uwhph whliyniap: Rhunwplyus Founwubbpbp
wquunnipjul wumhpdwiny mppuilniinudl JEkpoun/np nmuppkph Enwbwl:

Unwihgpuyhli punkp.  JEpoun/np  wwppkp, hwihgmguyhl  whpuhnjuniyeniabkp, pwrwiniuuyghl
Spwignun/npnid, uwy, Snnid:

G.A. Gevorgyan,
N.V.Pirumyan,
N.R.Mehrabekyan,
G.A.Sargsyan

THE MODIFIED METHODS OF TRIANGULAR AND RECTANGULAR FORMS FINAL ELEMENTS FOR
PLATE BENDING PROBLEM SOLUTION
The method of final elements modification with ten degree of freedom is proposed, in which for the solution of
plate bending problems as the tenth degree of freedom the shift angle at node located at the origin is used. The final
elements method of rectangular shape with thirteen degree of freedom are considered.
Keywords: final elements, nodal movement, quadratic programming, plate, bending.
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