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STUDY OF BLEUSTEIN-GULYAEV SURFACE WAVES IN PIEZOELECTRIC
MATERIALS CONTAINING PARALLEL ELECTRODES

Anti-plane shear electro-elastic surface waves are studied in transversely isotropic piezoelectric
materials containing two embedded grounded electrodes. The electrodes are considered to be perfectly
conducting with negligible thickness and mechanical stiffness. The dispersion equations with respect to the
phase velocity for symmetric and anti-symmetric guided modes are derived in analytical forms and discussed
in detail. Explicit closed-form expressions are obtained for the solutions of the coupled differential equations
for electro-elastic media with corresponding electrode contact conditions. These closed-form solutions
represent the mechanical displacement and electric potential of the surface waves in the whole piezoelectric
medium. It is shown that the velocities of the guided electro-elastic waves have specific order. The order of
the available guided waves and their dependence on structural parameters of the electro-elastic material
are studied in detail.
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1. Introduction. Piezoelectric structures with multiple inclusions play important role in
microelectromechanical systems. Many surface acoustic wave (SAW) devices and sensors have multi-
inclusion structures with the aim of achieving high performance. Surface acoustic wave devices based on
piezoelectric effect have been widely used as sensors, actuators, transducers, filters, delay lines, etc. in signal
transmission, signal processing, information storage, medical appliance, active vibration and acoustic control
applications since the 1970s [1]. This wide application range of piezoelectric materials is related to their
electro-mechanical sensitivity, working reliability and stability accompanied by electromechanical coupling
and new possibilities for existence of surface waves. The studies of shear acoustic surface waves in
piezoelectric materials were initiated by Bleustein [2] and Gulyaev [3] about 40 years ago. The pure shear
acoustic surface wave they theoretically predicted has a simple electro-elastic structure and has found many
applications in different wave devices. A number of investigations have been conducted on acoustic surface
waves in different structures with interconnected electric and elastic fields. Maerfeld and Tournois [4]
investigated surface waves at the interface of dissimilar piezoelectric half-spaces with and without a
conducting electrode embedded between them, Danicki [5] studied surface waves guided by a single
embedded grounded electrode in piezoelectric material, Laprus and Danicki [6] investigated waves
propagating along a perfectly conducting plane embedded in a piezoelectric medium, Danoyan and
Piliposian [7] considered surface waves in a piezoelectric half-space with hard and soft layers, Li et. al. [8]
and Du et. al. [9] investigated Love waves in functionally graded piezoelectric materials, Melkumyan [10]
and Wang et. al. [11] contributed to investigation of new surface waves in the presence of coupling between
electric, elastic and magnetic fields.

Surface acoustic waves (SAW) propagating along a free surface of a material are widely used in
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electronic devices. These SAW propagate along a mechanically open surface which must be encapsulated in
order to protect the mechanically free surface from the adverse environmental influence. Some interesting
crystals cannot be used in such structures only because of their high sensitivity to the environment [6].
However, the encapsulation itself may create new problems leading to disorder of the device. The
piezoelectric surface waves that are guided by embedded electrodes are free from these problems and
therefore should have greater range of applications.

The purpose of this paper is to continue the systematic detailed investigation of surface waves in
piezoelectric materials containing two electrodes started in Bezhanyan et. al. [12]. The electrodes are
assumed to be very thin so that their thicknesses and stiffnesses can be neglected. It is shown that depending
on the parameters of the structure one or two surface waves can be guided by the embedded electrodes.
Explicit expressions are obtained representing the mechanical displacement and electric potential of the
surface waves. The order of the available guided waves and their dependence on structural parameters are
also studied in detail.

2. Problem statement. Consider a transversely isotropic piezoelectric medium of hexagonal symmetry (e.g.
6mm class), which contains two embedded plane grounded electrodes at a distance 2a from each other as
shown in Fig. 1. The planes of the electrodes are parallel to each other and to the axis of material symmetry
of the piezoelectric media in which they are embedded. A Cartesian coordinate system XYZ is chosen in
such a way that the Z axis coincides with the axis of material symmetry and the planes —oo < X <+o0,
y=a, -0<z<+w; —0<X<400, y=—a, —0<Zz<-+w0 coincide with the planes of the electrodes.

The relevant electro-acoustic coupling is between the anti-plane displacement and the in-plane electric
field, i.e
u=(0,0,w(x,y.t)), E=(-0¢p(xy,t)/ox,—0p(x y.t)/dy,0), (1)

which leads to coupling between SH acoustic waves and TE electric waves.
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Fig. 1. Parallel grounded electrodes embedded into piezoelectric media

In the framework of the quasi-static approximation the following expressions for the displacement and
pseudo-electric potential functions of the electro-elastic field are obtained by Bezhanyan et. al. [12]:

144



Aexp[—kpB(c)(y-a)], y>a
w(x,y,t)=e"* 1A exp[ kB(c)(y-a)]+Aexp[kB(c)(y+a)], -a<y<a, )
A exp[kB(c)(y+a)], y<-a
B, exp[-k(y—a)], y>a
p(x,y,t)=e"" 1B, exp[—k(y—a)]+B,exp[k(y+a)], -a<y<a, ?3)
B, exp[k(y+a)], y<-a

where A, A, A, A, B,, B,, B; and B, are unknown coefficients and

B(c) =,/l—c2/cs2 . ()

Egs. (2)-(3) lead to a system of eight homogeneous algebraic equations for the unknown coefficients.
The existence of nontrivial solution of this linear algebraic system requires that its determinant must vanish,
which after some algebraic manipulations leads to the following dispersion equation:

(Fy (ch)—k2)(F, (c.h)—k?) =0, (5)

where h=ak and
F,(c.h)=8(c)(1+e™ )/(1+ e ™), F,.(c.h)=p(c)(1-e?" )/(1—e’2“ﬂ(°)) . (6)
The functions Fsy(c,h) and F, (c,h) characterize symmetric and anti-symmetric surface modes,

respectively.

3. Existence of surface waves. From the dispersion Eq. (5) it follows that the surface waves that can be
guided by the structure under consideration satisfy one of the following equations:

Fy (ch) =k, (7
F.(c.h)=kZ. (8)
As the electromechanical coupling coefficient k, belongs to the interval (0,1) , from Eq. (7) it follows

that:
a) In case of any h there is exactly one symmetric surface wave mode with velocity of propagation

Cy =Cy (h,ke) which is the unique solution of Eq. (7).
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Fig. 2. Variations of the functions a) F, (c,h) and b) F,, (c,h) versus c/c, for different values of h .
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From Eqg. (8) it follows that the function Fan(c,h) monotonically decreases from 1 to

(1—9’2“)/2h >0 when c increases from 0 to c, (Fig. 2b). As k, (0,1) we have:

0
e,an

K, = ‘/(1-e*2h )/2h. 9)

0
e,an’

a) There is no anti-symmetric surface wave mode if k, <k_,, where

b) There is exactly one anti-symmetric surface wave mode if k, >k the propagation velocity
C.n =C., (h,k, ) of which is the unique solution of Eg. (8).
As the function lim F, (c,h) monotonically decreases from 1 to 0 when h increases from 0 to o,
C—C

the existence conditions for anti-symmetric surface waves are:

. There is no anti-symmetric surface wave mode if h<hy (k, ).
Il.  There is exactly one anti-symmetric surface wave mode if h> hgn(ke), the propagation velocity
C.n = Can (h,k, ) of which is the unique solution of Eq. (8).
The hg, (k) is the unique positive solution of the equation:

1-exp(-2hy, ) = 2h3 K. (10)

an''e

4. Order of surface wave velocities. Using Egs. (4), (6) and the inequalities
(1-e) / (1—e"3(°)2h ) >1>(1+e?) / (1+ e’ﬁ(C)Zh) (12)
it can be shown that
F..(c.h)> p(c)>F,(ch). (12)
From the following:

l. Fsy(c,h), F..(c.h), B(c) are monotonically decreasing functions of ¢
. F,(0,h)=1, F,(0,h)=1, p(0)=1
[1l. Symmetric wave velocity ¢, (h,ke) is the unique positive solution of Eq. (7) in case of any h. Anti-
symmetric wave velocity c,, (h,k, ) is the unique positive solution of Eq. (8) when h>h; (k,). The
Bleustein-Gulyaev (B-G) surface wave velocity cbg(ke) is the unique positive solution of the
equation S(c)=k:

we obtain:
0<c, (hk,)<c,(k)<c, forany h; (13)

O<csy(h,ke)<cbg (k,)<c,, (hk,)<c, when h> h;’n(ke). (14)

5. Dependence of the guided surface wave velocities on structure parameters. Based on the relations for
anti-symmetric and symmetric surface waves we describe the dependences of surface wave velocities on the
electro-mechanical coupling coefficient k, and on h=ak. For the anti-symmetric surface wave velocity of
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propagation we have:

a) lecan(h,ke)zo, kﬁ(1I7|ery21h)/2hcan(h,ke)=c5. (15)
b) rI1iﬁnawocan(h,ke):cbg(ke), hlimk)can(h,ke):cs. (16)

c) Anti-symmetric surface wave velocity is a monotonically decreasing function of h=ak:
éc,, /oh <0 forany h>hg (k,). (17)

d) Anti-symmetric surface wave velocity is a monotonically decreasing function of the electro-
mechanical coupling coefficient k,:

ac,, /ok, <0 forany k, >k (18)

e,an "’

For the symmetric surface wave velocity of propagation the results are:

a) LiTlcSy(h,ke)zo, kIeirﬂr?)csy(h,ke):ce,. (19)
b) rILn?Ocsy(h,ke):cbg(ke), Li_r)rgcsy(h,ke):cbg(ke). (20)

min

) There is a value h=hg

(k,)>0 such that c, (h,k,) monotonously decreases when h increases
from 0 to hJ" (k. ), monotonously increases when h increases from hJ" (k,) to o and obtains its

minimal value cg" (k,) when h=hJ" (k,):

0 . 0 :
"y <0 if 0<h<h™(k,); y —o; Booif heh(k), @

oh Y oh | _min ) oh Y
CSr;in (ke) — Csy (hsr;lin (ke), ke) = TJ(E'] CSy (h, ke) . (22)
d) The minimal surface wave velocity c;‘;i” (ke) can be calculated as the unique solution of the equation

In(1/k? _K2 _
exp| — (]/ :“2 _ 1 kemm -1, 0<cy" <, (23)
1_ﬂ(csy ) 1_ﬂ(csy )

min
Sy

ho" (k,) = In(1/k, )/[1- B(cqm) |- (24)

e) Anti-symmetric surface wave velocity of propagation is a monotonically decreasing function of the

and the corresponding h (ke) can be determined by the equality

electromechanical coupling coefficient K, :
ac,, ok, <0 forany h and k. (25)

Here c, is the pure shear elastic bulk wave velocity in the absence of piezoelectric effect:

Ca = \IC44/P -

6. Explicit expressions for surface waves. Once the existence conditions are satisfied, the system of linear
algebraic equations for the unknown coefficients A, A,, A, A,, B, B,, B; and B, can be solved

explicitly. Substituting the solution expressions into Egs. (2)-(3) after some algebraic manipulations we
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arrive at the following simple explicit expressions for guided surface waves:
symmetric surface wave:

Bles, )(h=Kly])

e , ly|>a
w, (X,y,t)=w COSh[ky,B(CSy)} exp[ik(x—csyt)], (26)
. lyl<a
cosh[hﬂ(csy )]
e ly|>a
e15 0 H
¢y (X ¥,t) ====W{ { cosh (ky) exp[lk(x—csyt)] (27)
én i |Y| <a
cosh(h)
anti-symmetric surface wave:
e/ )n-IV). |y| >3
w,, (%, y,t)=w2 sgn(y) sinh[ k|| 4(c,,)] yl<a exp[ ik(x—c,t)], (28)
sinh[hB(c,,)] Y
"M ly|>a
By (X, y,t):-ﬁwgn sgn(y) sinh(k]y|) exp[ ik(x—c,t)]. (29)
& _—, |y| <a
sinh(h)
where ny and w’. are new arbitrary constants.
From Egs. (26)-(29) it follows that
W (x,y,t) =W (x,-y.t), by (X Y,1) =, (x-Y.0); (30)
W, (X, y,t) =—w, (X,-y,t), b (X, ¥Y,1) =6, (X,—Y,1) (31)

which shows that the components with subscripts ‘sy’ and ‘an’ represent symmetric and anti-symmetric
surface waves, respectively.

7. Conclusions. Shear surface waves that can be guided by parallel grounded electrode inclusions in
piezoelectric media are studied in details. An explicit dispersion equation is presented. It is shown that at
most a single symmetric and a single anti-symmetric surface wave can be guided by the structure under
consideration. Explicit closed-form expressions are obtained for the solutions of the coupled electro-elastic
differential equations with corresponding electrode contact conditions. These closed-form solutions represent
the mechanical displacement and electric potential of the surface waves in the whole piezoelectric medium.
It is shown that the velocities of the guided electro-elastic waves have specific order. The order of the
available guided waves and their dependence on structural parameters of the electro-elastic material are
studied in detail.
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9. U.Liduiyui,
L.U. Uk pnudju,
U.U. Uwupquyui

PLNOPUSESL-ANRISULYDP UTUEEYNREUSPL ULPLLEP NRUNPULUURMNRESNRULE
oNhAUZER ELEUSCNTLEN MUCNRLUUNI, MPERNELEUSMUYUL LBNRPGLNRU

Mumdbwuppyws Ei hwlwhuppe Ejupununwudquliuml Julbplnipughl uyhpiliph wnwpwdnidp
wpwinkpuuy hgnunpny whbgnljEnpulwi nipbpnid, npnip wwpnibwlnid ko Ephni GEpgpygws
hnnulgiwé B EGunpnnbkp: Chpugpynid E, np L Enpnnbbpl pnbuywlwh hungnpnhs Ei b niaka winkubyh
hwuwnnipimia o Jbjnubhhulul  §npunyenil:  Swquyhll wpuwgnippul  Gjundwdp  phuwybpupnb
hwjwuwpnmdibpp nwpwéyng wghph uhdbnphl o hwhwupdbnphl dwubph hudwp whughnplnplbia
wpunweyws b dwipudwul phhwuplyws b Fuguwhugn thwl wpnwhuynnipinibbbp Eo unwgyus
Juwuwigyus LEinpuunwdqului phpipbighuy hwyjwuwpnidbbph b EBEjupnphbph [ninnwunaghb
wuydwhbbph jménidbbph hwdwp: Upju thwl jniénidbbpp GEpluyughmd b dwlbkplbnipughll uyghph
Ubpnubpjulpml wknunpnfunipniap o GEGqunpulul quonp ynnkighuyp wdpnne whbgnkjEjunpulwi
vpowjuypnid: Snijg F wipygwd, np nnupwdyng LEjunpuunwdquilul ayhpibph wpwgnipinibbbpp nibka
npnpwlh hkppulwinipnih: Unlw wippbbph hbppwlwbnipmibp b dpubg jupojwéniypniip niph
wwpwdbupkphg dubpudwul nnumdbwuppyws Eia:

Unwihgpuyhll punkp. wyhlbgnljEhunpulwlb ynie, dwlbkplnipuyhl uyhp, qunipepul wuydwl, Finiuunki-
Qniyuls:

B.A. Bexkansn,
H.C.MeakymsH,
C.A.Caprcsn

M3YYEHUE NMOBEPXHOCTHBIX BOJIH BJIOCTEMHA-TYJISIEBA B IbE3O3JIEKTPUUYECKHUX
MATEPHUAJAX COAEPKAIIINX TAPAJIJIEJBHBIE 3JIEKTPObI

Hccnedosanvl anmuniockue 21eKmpoynpyaue 604Hbl 8 MPAHCEEPCAIbHO U30MPONHBIX Nbe30INEeKMPULECKUX
Mamepuanax, cooepicaumux 08a  3A3EMAEHHbIX — DNEKMPOOHbIX eKmoueHus. Ilpednonacaemcs, umo 21eKmMpoobl
AGNAIOMCA UOCANLHO NPOGOOSUMUMU U  UMEIOM  NPEHeOPENCUMENbHble MOMWURY U MEXAHUHECKYIO JHCeCMKOCHb.
Ananumuyecku 6bl8e0eHbl U 0emaIbHO 00CYHCOEeHbl OUCNEPCUOHHBLE YPABHEHUSI OMHOCUMENLHO )a30801 CKOPOCTU 05
CUMMEMPUYHBIX U AHMUCUMMEMPUYHBIX MOOEIbHOCHE pAcnpocmpansiowuxcs 60aH. Tlonyuenvt signvle 3aMKHyMble
8bIpAdICEHUst OISl PEUEeHUL  83AUMOCEA3AHHBIX  OUpDepenyuanvHbix ypasHenuil Ol DIeKmMpoO-Yynpyeux cpeo  u
KOHMAKMHBIX VCIOGULL INEKMPO008. DMmu 3aMKHYmMble peuleHuss Npeocmagision Mexanuieckoe nepemeujerue u
INEKMPUYECKUTl NOMEHYUAIL NOJISL NOBEPXHOCIU BOTIH 60 8Cell Nbe30NeKmpuyeckoll cpede. Ilokazano, umo cxopocmu
PACHPOCMPAHSAIOWUXCSL  IILeKMPO-YAPYUX GOIH  UMEIOM  OnpedesieHblll NOpSOoK. JlemanbHo usyuenvl Nnopsoox
HPUCYMCMBYIOWUX BOIH U UX 3ABUCUMOCTIbL O NAPAMEMPOE MAMEPUATA.

Knioueswie cnosa: nvezosnexmpuieckuti Mamepuai, nOGEPXHOCHHbLE BONHbL, YCI08USL Cyuwecmaeoganus, bBaocmerin-

Tynses.
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